ABSTRACT A sufficiently extended satellite in the tidal field of a host galaxy loses mass to create nearly symmetric leading and trailing tidal streams. We study the case in which tidal heating drives mass loss from a low mass satellite. The stream effectively has two dynamical components, a common angular momentum core superposed with episodic pulses with a broader angular momentum distribution. The pulses appear as spurs on the stream, oscillating above and below the stream centerline, stretching and blurring in configuration space as they move away from the cluster. Low orbital eccentricity streams are smoother and have less differential motion than high eccentricity streams. The tail of a high eccentricity stream can develop a fan of particles which wraps around at apocenter in a shell feature. We show that scaling the essentially stationary action-angle variables with the cube root of the satellite mass allows a low mass satellite stream to accurately predict the features in the stream from a satellite a thousand times more massive. As a practical astrophysical application, we demonstrate that narrow gaps in a moderate eccentricity stream, such as GD-1, blur out to 50% contrast over approximately 6 radial periods. A high eccentricity stream, such as Pal 5, will blur small gaps in only radial 2 orbits as can be understood from the much larger dispersion of angular momentum in the stream.
1. INTRODUCTION Stellar streams emanating from dwarf galaxies and globular clusters are of wide interest for their role in the build up of the stellar halo of galaxies, and, for their considerable power in mapping the dark matter potential of galaxies (Dubinski et al. 1996; Johnston et al. 1996; Johnston 1998; Law et al. 2005; Binney 2008) . Density variations along a stream are also useful statistical indicators of the presence of the substructure within a galaxy halo (Yoon et al. 2011; Carlberg 2012; Erkal & Belokurov 2014) however their subsequent evolution depends on the dynamical properties of the stream which are only now beginning to be studied.
Numerical simulations of tidal features drawn out of stellar systems has a long history, beginning with the study of interactions between comparable mass disk galaxies (Lindblad 1961; Pfleiderer & Siedentopf 1961) . Increasingly powerful techniques and computer simulations (Clutton-Brock 1972) demonstrated that the encounters that produced massive tidal tails usually led to the galaxies merging (Toomre & Toomre 1972) . Quinn (1984) followed the tidal dissolution of low mass disk galaxy infall to produce dramatic tidal streamers and shells and McGlynn (1990) studied the tidal mass loss from small spheroidal systems. Küpper et al. (2008) showed that streams from almost any stellar system where particles emerge through the tidal lobes will create density pile-ups down stream (visible in McGlynn's Fig. 2 ) as a result of the interplay between the epicyclic and orbital motions (Küpper et al. 2010 (Küpper et al. , 2012 .
Studies of stellar streams usually assume that the satellite is collisionless, such as a dwarf galaxy and its dark matter halo, or that the tidal mass loss process is sufficiently collisionless that the internal dynamics and mass carlberg@astro.utoronto.ca loss from stellar evolution within a globular star cluster can be set aside and the stream can be adequately realized with a numerical approach using a fast solver of a softened gravitational potential rather than a direct nbody integrator which carefully follows the interactions of individual stars (Aarseth 1999) . The basic dynamics of tidal streams has been extensively studied using essentially collisionless methods useful for exploring many aspects of the galactic potential (Johnston 1998; Helmi & White 1999; Varghese et al. 2011; Küpper et al. 2012; Bovy 2014; Amorisco 2014; Fardal et al. 2014 ). There are wide variations of appearance in positions and velocities, depending on the mass of the satellite, the host potential, orbital phase and even the parameters of the n-body model.
Here we are interested in the underlying dynamical details of stellar streams, in particular the distribution of stream particles in Hamiltonian action-angle space. Action variables for a spherically symmetric potential are simply the angular momentum and the radial action, which is proportional to the eccentricity of the orbit. They are conserved quantities. The angle variables are their canonical conjugates which evolve linearly in direct proportion to the angular and radial oscillation frequencies of the orbit. Together these remarkable dynamical quantities are powerful tools for giving insight into both stream dynamics (Eyre & Binney 2011) and the potential in which the stream is orbiting. The isochrone potential is unique in having simple analytic action-angle variables, but a set of techniques has been developed which allows the remapping of the isochrone into both axisymmetric and triaxial potentials (McGill & Binney 1990; McMillan & Binney 2008; Sanders & Binney 2014; Bovy 2014) . The distribution of the stream particles in action-angle variables determine the length and width of the streams, their offsets from the satellite, and the local internal moarXiv:1412.2405v2 [astro-ph.GA] 24 Dec 2014 tions within a stream which are the quantities of interest for many practical problems.
In this paper we use a standard n-body tree code to evolve a low mass King model satellite in an isochrone potential. The distribution of stream particles in actionangle space is derived and related to the evolution of the tidal stream and its features. We test for the expected scaling with tidal radius for satellites of differing mass on the same orbit. A particular application is to follow the evolution of narrow gaps in a stellar stream before they become hard to detect. The overall goal of this paper and others studying stream dynamics in simplified host galaxy potentials is to build up a dynamical framework that is useful for understanding stream dynamics in the irregular and evolving potentials of real galaxies.
N-BODY SIMULATIONS
We are interested in the tidal dissolution of a very small galaxy or star cluster in the potential of the host galaxy. Accordingly we place a small n-body system representing the satellite within a fixed external potential, Φ(r), representing the host, and assume that the satellite mass is low enough that dynamical friction can be neglected. The satellite is a low concentration King model with a central potential, φ 0 , relative to the central velocity dispersion, σ, of φ 0 /σ 2 = −4. More concentrated satellites can be easily generated, but not surprisingly, their low outer densities reduce mass loss, making for thinly populated, but otherwise identical streams. The King model satellite is assigned a mass, m, and scaled to have an outer radius equal to the formal tidal radius, r J = r[m/(3M (r))]
1/3 for a Keplerian potential. The expression is evaluated at the initial orbital radius r (which here is the apocenter of the orbit) where the host mass interior to r is M (r). The correction to a nonKeplerian potential is, (1−
1/3 , (Binney & Tremaine 2008 ), which at a location with a flat rotation curve is, (2/3) 1/3 , a reduction of the tidal radius of 13%. We do not normally include this factor since it reduces the already low mass loss rate, and, otherwise makes little visible difference to the stream.
The self-gravitating satellite orbits in an external potential which represents a host galaxy. The satellite is launched from apocenter, that is the initial velocity is purely tangential, at some fraction of the local circular velocity or angular momentum, L/L c . We use the isochrone potential, Φ(r) = −GM/(b + √ b 2 + r 2 ), where M is the total mass and b the scale radius. We chose units in which the isochrone potential is assigned unit mass and has unit scale radius. The satellite mass then is a ratio to the total mass of the system, with our standard value being 10 −7 . The resulting satellite corresponds to a low mass, low concentration globular cluster.
We start the satellite at r = 2.2, which is just outside the maximum of the circular velocity, r = 2 √ 2 + 2 2.197, of the isochrone. The isochrone has a large core which makes relatively elliptical orbits easy to handle but leads to relatively low mass loss for our chosen apocenter. Satellites started at larger radii with the same angular momentum relative to a circular orbit have substantially more mass loss because they do not orbit through the core.
All the simulations analyzed in detail here start at apocenter r a = 2.2. For clusters on orbits with angular momentum relative to the circular value, L/L c , of 0.4, 0.7 and 0.9, the pericenter radii, r p , are 0.604, 1.214 and 1.806, respectively. For eccentricity defined as e = (r a − r p )/(r a + r p ), the orbits have eccentricities of 0.57, 0.29 and 0.10 respectively. The related (Ω φ , Ω r ) pairs are respectively (0.246,0.417), (0.231,0.355), and (0.206,0.298) with the two oscillation periods being T = 2π/Ω, which are in the neighborhood of 20 time units.
The host potential is fixed but the self-gravity of the satellite system is calculated dynamically, which is important to accurately follow the creation of the streams. Our reference simulations use the well-known Gadget2 code (Springel 2005) modified to include an external fixed galactic potential, as described in Ngan & Carlberg (2014) . We normally start with 10 6 particles in the satellite. The code parameters are largely set at standard values, with a softening of 1/3000 of the scale radius (5pc if scaled to a 15 kpc isochrone scale radius), approximately 24% of the core radius of the n-body cluster. The time integration error tolerance is set to 0.015 and the force error to 0.003. Once well outside the cluster the angular momentum is conserved to a fractional accuracy of 10 −5 over eight radial periods.
For very low mass satellites energy and angular momentum conservation checks are not particularly good tools for monitoring the accuracy of the calculation. Our approach is to repeat the run with modified error control parameters and compare the distribution of stream particle positions. Runs with the time integration error tolerance reduced to 0.0075 and increased to 0.025 relative to the standard 0.015 value are done to test the stability of the distribution of particles in the streams. Within the cluster the orbits are effectively chaotic, but we want to be sure that the statistical distributions in the streams are stable. After about 3 orbits the mean stream particle angular momentum offset from the satellite is identical in all cases within 1% and the dispersion about the mean is only different at 1%, with a handful of particles becoming outliers. The calculation with the larger time step error control appears to be nearly statistically identical with the more tightly controlled simulation but we use the intermediate time step error control because it is certainly statistically stable to the limits we require.
THE DEVELOPMENT OF TIDAL TAILS
The orbital angular momentum of the satellite determines the orbital eccentricity, which is a key factor in the dynamics of the tidal tails. Both cosmological simulations and observed streams guide our choice of orbits to consider. The dark matter sub-halo orbital angular momentum distribution from cosmological simulations (Benson 2005; Wetzel 2011; Jiang et al. 2014 ) has a median L/L c of about 0.5, with a median orbital eccentricity of about 0.7. (Odenkirchen et al. 2003; Dehnen et al. 2004 ) and 0.33 (Willett et al. 2009 ), respectively. We will do simulations close to both these orbital eccentricities, although within the spherical isochrone potential.
In Figure 1 we show the x-y projection of the stream and satellite in an L/L c = 0.7 orbit at 14 times spaced 10.9 time units apart over 8.04 radial periods. The orbit of the center of the satellite is shown as the thin line. As is well known the stream is usually significantly offset from the orbit of the satellite. In Figure 2 we use the satellite as the local coordinate origin and the direction of motion as the positive x axis to show the stream in the frame of the satellite over 6.3 units of time, which is about 1/3 of an orbit. The stream is plotted at multiple times to show its structural evolution. Note that time runs upwards. The stream has a core along with a set of spurs (Dehnen et al. 2004; Amorisco 2014; Fardal et al. 2014; Hozumi & Burkert 2014) which accompany each pulse of mass loss which begins with heating at pericenter and particles drifting away at apocenter. The spurs oscillate above and below the core of the stream and gradually lengthen and blur together.
The mass inside 2r J as a function of time is shown in Figure 3 for various models with m = 10 −7 . The rate of mass loss in an isochrone potential is fairly low, 5% over 300 time units, or, about 0.3% per radial orbit for our standard satellite on an L/L c = 0.7 orbit. The low mass loss is a consequence of the isochrone's large core radius, inside of which the tidal forces are low and the nearly harmonic potential means that particles do not stream away from the satellite. Moving the orbital apocenter to r = 3 for an L/L c = 0.7 orbit nearly doubles the mass loss rate relative to an r = 2.2 orbit as shown in Figure 3 . The satellite on an L/L c = 0.4 orbit has a mass loss rate double that for the same satellite on an L/L c = 0.7 orbit. Reducing the outer "tidal" radius of the initial satellite by 10% approximately halves the mass loss rate. Most of the properties of the stream are set by the satellite mass and the satellite orbit. The absolute value of the mass loss rate is not usually important, until the mass loss is so high that the satellite mass changes substantially, which we do not consider here.
4. STREAM PARTICLE ACTION-ANGLE VARIABLES Action-angle variables have been widely discussed as a powerful way to examine the dynamics of streams (Eyre & Binney 2011; Bovy 2014) . The actions and angles are calculated (up to factors of 2π) from the instantaneous positions and velocities using the isochrone formulae given in Binney & Tremaine (2008) (the sign error in the J r equation is noted on the authors' website). In a spherical potential all orbits are confined to planes. For the thin tidal tails explored here we use the total angular momentum rather than just the component around the perpendicular to the orbital plane of the satellite, L z . The two differ for each particle by only a small, constant, tilt factor, roughly the tidal radius relative to the orbital radius, which is about 10 −2 here. In doing this calculation we make the approximation that once particles leave the satellite its potential can be Figure 4 shows the relative actions evaluated at time 242, then displayed as a function of the time that the particles have been in the stream, t eject − t. The ejection time is calculated as the time at which the particle crossed the 2r J surface. The plot shows pulses of particles emerging through the 2r J surface near apocenter after tidal heating around pericenter. For a low mass satellite the inner and outer tidal tails are essentially symmetric relative to the satellite. The angular momentum of the main pulse of particles is concentrated around a constant mean, with a tail mainly towards lower values. Within each pulse of mass loss ∆J r rises to a maximum with ejection time. Since the satellite mass does not change much with time, the pattern of ∆J r (t) and ∆L(t) repeats every orbit.
Once the particles are in the stream the angles evolve at a rate fixed by their angular frequency, w r = Ω r t. In general, particles with higher angular momenta relative to the satellite will have higher frequencies, as shown in Figure 5 . The range of frequencies means that the particles will spread with time and eventually start to overlap other bunches of particles, which is clearly shown in the angles displayed in Figure 6 . An important feature is that ∆Ω φ is about half of ∆Ω r . Therefore, the differential angular momentum only slowly mixes particles into the same physical regions. On the other hand the radial action of the pulse has a gradient with time which leads to the spurs on the stream, as shown in Figure 2 . The spurs oscillate up and down relative to the centerline of the stream. The spurs also stretch with time since the Ω r and Ω φ are strongly correlated in the pulse of particles. Figure 7 shows the distribution of ∆J r and ∆L as a function of φ, the azimuthal angle along the stream as seen from the galactic center. The plot is made at time 242. The distribution shows the expected sorting particles with large angular momentum differences move relatively further down the stream. The sorting helps the stream phase mix with distance from the satellite, but the stream never has a simple uniform distribution in the actions, and, the distribution varies down the length of the stream.
Dynamics of L/L c 0.4 and 0.9 Streams
A cluster on a high eccentricity orbit will have strong tidal heating at the pericenter, hence mass loss will be more concentrated in time, as is shown in Figure 8 . The angular momentum distribution of the ejected material covers a broader range than for the lower eccentricity orbit of Figure 4 . The resulting tidal stream has very strong shear that rapidly blurs out all features, Figure 9 . The stream is shown as it passes pericenter, when it becomes thinner. The fan-like feature at the end of the stream is the result of local orbital mixing producing a fairly smooth distribution in actions near the end of the stream, and the fact that the end of the stream is near apocenter, so that the material is spread out perpendicular to the stream as shown in Figure 10 . A stream on a highly eccentric orbit would be relatively hard to detect except for the portion of the stream which happens to be near pericenter.
A cluster on a nearly circular orbit, L/L c = 0.9, has very mild tidal heating. The outcome is nearly continuous mass loss with relatively little dispersion in the angular momentum and relatively small radial actions as shown in Figure 11 . The result is a stream with relatively simple behavior, however it retains the same basic features as the other streams, with the spurs still present, as shown in Figure 12 ner stream values reflected through the origin. The mean angular momentum offset of the stream decreases from 0.0111, to 0.0102, to 0.0079 with the dispersion increasing from 0.0008, to 0.0012 to 0.0029, as the satellite's angular momentum declines from an (absolute) value of 2.312, to 1.837, to 1.415, respectively. In ∆J r the most nearly circular orbit is a nearly symmetric distribution, similar to that seen in Dehnen et al. (2004) ; Eyre & Binney (2011); Bovy (2014) . As the eccentricity of the orbit grows both the overall spread of the distribution and its asymmetry grow as a consequence of the increasing size of the pulse of mass loss which produces a correlated ∆L − ∆J r distribution. Although streams are not very well represented by mean quantities and dispersions about them, their changes with orbital shape does pro- vide useful guidance for trends in the dynamics of the streams.
MASS SCALING OF STREAMS
The properties of streams should scale with the tidal radius of the satellite, that is, as the cube root of the satellite mass as fraction of the halo mass, for satellites on the same orbit (Sanders & Binney 2013) . Although streams emanating from more massive satellites are longer and wider than those from lower mass satellites the distributions of actions and angles are scaled versions of each other. The scaling works as follows. First calculate the actions and angles for a reference stream, apply the m 1/3 factor to all the J and w variables, then, calculate the positions and velocities from the new actions and angles. We show how well the idea works over the impressively large mass range of streams from m = 10 −7 and m = 10 −4 satellites. Figure 14 shows the results. The very small stream from the m = 10 −7 satellite is located in the upper right (red points) and the much larger stream from a m = 10 −4 satellite, done in a completely independent simulation, is offset to the lower left (blue points). The black points are the scaled up version of the low mass stream and is a very good match to the n-body simulation for the heavier satellite. In this particular case the stream is sufficiently short and well positioned in azimuthal angle that there are no ambiguities of 2π in the scaled variables. At later times the scaling requires using the time of ejection to calculate the angles and keeping track of the 2π wrapping.
The accuracy of this scaling means that once a low mass stream has been calculated for a given orbit it can be scaled to any other satellite mass. The tidal tails of the low mass system might appear denser in Figure 14 , but the scaling means that the physical densities are identical, independent of mass. Of course the phase density is much higher in the low mass stream (1000 times here) and that the column density is higher in the high mass stream (10 times here).
Although these simulations were oriented towards visible star clusters and dwarf spheroidal galaxies, they are also applicable to the dissolution of pure dark matter sub-halos. The substantial internal structure in the streams means that should a stream pass through a direct dark matter detector on earth that the detection rate will vary with location in the stream roughly in proportion to the local density (Lewin & Smith 1996) . The local density along the stream varies by a factor of order unity, due to the orbital variations in the mass loss rate and features such as the shells in Figure 10 (Tremaine 1999) . However, the density in the stream is generally of order one percent or less of the background density. That is, if there is as much as 10% mass loss per radial orbit, with the mass spread over a volume oft length of 2 √ 2π 10 satellite radii with a half width comparable to the satellite radius, with the mean density inside the satellite radius being comparable to the local density of the background halo, hence the mean stream density relative to the local background is 100 times lower than the background dark matter density (Vogelsberger et al. 2009 ) so the stream density variations will only modulate the small extra component from the stream. Orbits where the stream reaches a region of relatively low local dark matter density and has increased interactions at low velocities can produce larger effects (Sanderson et al. 2012 ).
GAP BLURRING IN STREAMS
One of the interests of stellar streams is that they will develop density variations along the stream in response to the myriad sub-halos predicted (Diemand, Kuhlen & Madau 2007; Springel et al. 2008) to be orbiting within a galactic halo (Carlberg 2012) . The gaps will be blurred out at a rate which depends on the size of the gap and the distribution of the stream particles in action-angle space.
To create a stream for which we can easily measure that rate at which gaps blur out we take one of our calculated streams and simply remove particles along the stream to create gaps. We use a time shortly beyond pericenter, time 190 at r = 1.23 in the L/L c = 0.7 simulation with 10 6 particles. We want to determine how long gaps about as wide as the stream last. Yet wider gaps will last longer in direct proportion to their width. In the stream near pericenter we remove all particles in gaps of 3 degrees wide every 6 degrees and remove the satellite itself, since it has almost no effect on the stream particles, and then evolve the stream forward in time. The stream with the added gaps is shown in x-y in Figure 15 and then as a linear density measurement of density along the stream in angular coordinates in Figure 16 . The linear gap width depends on location, but is comparable to the width of the stream. We do the same for the stream as it passes around apocenter, finding sufficiently similar behavior that we do not display it. Figure 15 shows that epicyclic motions tilt the gaps back and forth (Yoon et al. 2011 ) which leads to an apparent blurring of the density when viewed from the center of the galaxy in angular coordinates, Figure 16 . It also means that the visibility of gaps will depend on viewing angle. The illustrative density profiles here view the streams from the center of the galaxy. There is an accompanying slow decline as a result of differential motions of the material across the stream which fill in the gaps. This L/L c = 0.7 orbit has a radial period of 17.7 time units. Although the visibility varies with orbital phase, the gaps steadily decline in contrast to about 50% amplitude, roughly the limit of detectability in the low signal-to-noise filtered sky images that are available, after about 100 times units, approximately 6 radial orbits. Scaling to an orbit with a radial period of about 1 Gyr, we conclude that narrow gaps in a moderate eccentricity stream, like GD-1, would be visible for a substantial fraction of the age of the galaxy.
Gaps of 2 degrees inserted every 4 degrees at time 85.4 in the high eccentricity L/L c = 0.4 stream as it orbits near pericenter is shown in Figure 17 . The visibility of the gaps again depends on orbital phase, but they remain visible for 30 time units, where the radial period is 15.1 units, but then disappear. Therefore narrow gaps in the high eccentricity stream Pal 5, will likely only last two orbits, as expected from the roughly 2.5 times higher dispersion of the stream angular momentum, Figure 13 . A better estimate requires integrating the orbit in a more accurate potential model of the Galaxy. Only the narrow gaps are removed quickly since the duration that a gap is visible is proportional to its width, so wider gaps will survive proportionally longer.
7. CONCLUSIONS We have simulated the tidal dissolution of selfgravitating satellites primarily to study the dynamical properties of the tidal tails. Mass loss is a consequence of tidal heating in these collisionless simulations. We show that all dynamical properties of the stream are station- ary in action-angle space and scale with the tidal radius, that is, the cube root of the satellite mass, allowing a single simulation to be adjusted to give the properties of streams from clusters of lower or higher masses.
The tidal pulses of mass loss lead to a set of particles with strongly correlated motions around the stream, creating a spur feature which oscillates above and below the stream centerline, gradually stretching and blurring out. With increasing orbital eccentricity the dispersion of angular momentum in the stream rises, increasing the speed at which particles mix together to smooth out features. The stream simulation with an orbital eccentricity of 0.57 is only thin as it passes pericenter and develops a fan of particles in its tail which turns into a shell feature at apocenter.
A specific application of these simulations is to measure the rate at which gaps in a stellar stream blur out as a result of both random and differential motions. The stream with eccentricity 0.57 blurs out features quickly, which means that we expect gaps as narrow as the stream to survive less than 2 radial orbits in Pal 5 with an eccentricity of 0.6, although wider gaps will survive longer. On the other hand, the GD-1 stream, with an eccentricity of 0.33, should allows gaps to survive about 6 radial orbits before they blur out. Both of these quantitative conclusions can be refined with a more accurate potential model of the galaxy than our simple isochrone. Overall this paper adds to the understanding of the dynamical makeup of streams and better informs their use as indica-tors of the galactic potentials and substructure in those potentials.
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